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FOREWORD

This report was prepared by Bolt Beranek and Newman Inc.,
Cambridge, Massachusetts, under subcontract of the basic USAF
ontract No. AF 33(616)-5426 with the University of Minnesota,

Department of Ae'onautical Engineering. The contract was inita4. d
under Project No. 7360, "Materials Analyses and Evaluation
Techniques", Task No. 73604, "Fatigue and Creep of Materials".
The work was monitored by the Materials Laboratory, Directorate
of Laboratories, Wright Air Development Center, under the

direction of Mr. W. J. Trapp.

This report covers work during the period of' December 1958
to July 1959.
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ABSTRACT

Frevious work dealing with the damping of flexural vibraricn
by application of single "damping tapes" ccnsisting of metal foils
and dissipative adhesives is summarized and extended t. 12tiple
tapes. A general analysis of damping due to N equal tapes is pre-
sented; the effect of using non-equal tapes is investigated for
double tape applications. Suitable di.mensionless parameters are
used where possible in order to maintain generality.

It is shown that additional tapes provide considerable in-
crease in damping at low frequencies, but only a ,ery small increase
ac high frequencies. It Is found that multiple tapes and single
tapes incorporating an equivalent amount of metal provide nearly
.,e same damping, a fact which results in great design flexbiity.

Experimenzal and theoretically predicted results are shown
to be in reasonably good agreembnt.

PUBLICATION REVIEW

This report has been reviewed and is approved.

FOR THE COMMANDER:

WALTER J. TRAPP
Chief, Strength and Dynamics Branch
Metals and Ceramics Division
l)btrials laboratory
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DAMPI NG 01? fPLEXURAL VIBRATIONS MY ALTERNATE

VItCO.mELAStid-AMiD ELASTIC LAYERS

SECTION I

INTRODUCTION:

The tecent Thdfease in the bccurrfen bf intense noise and
vibration 6nv!.t6nmA~hts has led to ~ arc o~ipoe hd
of daiipihg of fae)(dr"A Abraitiois. Dampig tteat*n'ts _-such as
awfomobil6e unfderco"at u§e -the exctensiorial m6tibn o6f s--gl-d'hcm-."6

ge-ntcus viisco-elastic iiyers-to 6btain dii~pati6fi 6f ttina
enr i.EteniiV6 Afilyses- of s§udh- ~ii ayd- trtmnt

app&r:! the,11terat e 6

Other d~iiiPing trj eatinents, dudh as the dfxlpifi tApes6 vhn h

beintg used in -aircr~aft, ships, and ioplance~s 'eimploy, a-viscoi-
ei;.stic layer- I-i, 6onjiitioni with. a relative6ly, stiff co nstraining

iay~12-V -~i~±has shown that In such damiPing 'tapes, the
dllssipAtioii of eper&,y "t. -be xasct~bed esse6ht-iall-y to thiesern
motion of the -constrainedl vis-o-elic Thyr. In-a recent

*rep6rti Ross ', erwin, andDye64/dealt ,#ith the6,46sigh andota
zatin o6f dmpi ng treatimenis- cbnsimting'-of Angle ;tpes.4

As -a -step in the dijrection of, optimization of daki '~treat -
ments one is, hiturfali. led to. con~idide the uA of4a iauber of-
tapes,, one, applied on tmp ogt~ohr &~de h ~~h
increaise due to the addition of'A a seond,. tIhird, et c. tape vary
With Tr-44ificyl Ho6w does,4 t ultipletp rame6cmaet
a, single tape, treatment 6t. equal' weight?-, We 'alt__uitt t6 insw-er

*Superscript numbers tdfer to the B.abliogftaphy at the end off

this report.

Mugcrtot lileibied byth6 authors ih 'S6et 1959 for'
px~licat-io-n.' 'a aWADO T'tchhia R6prt

WADCTR-59:.509 i
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SUMM~AVY 6F 1RESUL'S FOR- S LNGLE TrAPE tREAtM~?J

Iis corvenlen to r~vie-,w some of the results obt~Ained ftri
single tapes, so that MU2-tle tape analyses may be under~tccd
mrr eaesiy A ba~ic plate to whic!t a single damnping tApie-

asbeen appii1ed comprises A thre6 iAye structure co-mPoisd of

:) t'.e basic plate to be damrped
2) A vlscc-elaetlc .di§sipatlva adheive) lAYer', and1:3-) an :~utrer "c6nstr,1ini~ag" _ayero generally ot metal fo.L

Fig~res 8 and 9 appearing cn tage 20 bL' the Appendix may be

?,H- of te-e trlr:.- aforemen-Uoned layers and thib disr-ances

Tte dampIng eficen- of suc-; a thf'ee-layeir arrarge!rer. j

2 2 )2 2
t- 3n 3 ]U4glii 3 i 3- 3 3

whe.-e

13 lss factot' of visco-61astic adhesive*

h 3i H~ H, 3 =H31V 3 =K31K (a

and wriere g is a coiveenrt '"snear parcameter" defined by

g a G2 /K 3 H2 P2 (2b)

in terms of the sheat modulus G^2of the adhesive, the stiffness 1(4

ofe onsvraining iaethe ticness li fthe adhesive, anid

41 DaiplIng 6ffectivenes4s il i:- def:.ned as the ima~tnary portion cf
rh- : -mplox combined flexur;A. rigi~dity ' *, that is, B '.+t
The real part B is isiociated with eldstic behavior, whereas th e
imaginary part B 16 associated with hysteretic, or dissipative,

44f3 denctes§ the imagir.6,ry portion of the compey shear rnous3 *I
of ,kze v-sdo-(e!aatio adhesiVe;1 G* %(l+JA). eralat2
of' Or accounts for the elastic, the imaginiary part for- the

hysteretic Action~ of the adhesive.

WAb- fTR 59-509 -2-



%he wave number p of the vibration. The wave number associated w:i,-
*he rh mode may be computed from

p w (3)n1 DB

where in denotes the plate mass per unit length in the dlrecricn of
propagation of a flexural wave and wn is the circular natural fre-

quency corresponding to the nth mode.

The previously defined shear parameter g has bez:n found to be
a ccnvenilent dimensionlcss quantity which characterize, the tape.

Kerwin Z- 8 / has shown that is directly proportional to the ratio
o0 t.e length of a flexural wave to the distance within which a
ocalized shear disturbance decays to l/e times its initial valie.
Alternately, since p is inversely proportional to the bending wave-
length, one finds that g is also proportional to the ratio K

where KS is the shear ztiffness of unit width of an adiesive layer
one wavelength long and wnere Kt is the tension stiffness of unit

width of a constraining layer one wavelength long. Thus, g is
inversely proportional to frequenov and directly proportional ro
K2/Aj, where thf K's refe' to tnr.. same stiffness as before, ex:-ep:

that now unit length is implied.

Eqjation (1) is quite cumbersome. However, if the constraining
layer is considerably less stiff than the basic plate, as fortuna-.._
is the case in many practical applications, then K3/K1 = k <<,
and Eq () reduces to h 3

rj(l) ± 12k 3 3 1 g (4)

l+2g+g2 (l+p2)

where the (1) appended to the I is intended tv signify that the
relation applies for a single tape application. From tne fore-
going one may readily verify that for fixed P, ii increases nearly

linearly with g for small values of g, reaches a maximum at

g = (l+p2)l/2, and decreases nearly linearly for very large g.
The curve labeled "single tape" in Fig 3 is a plot of Eq (4) for

= 1.0. Equation (4) may be used as a basis for the design of
optimum single damping tapes; however, in poactice the frequency
and temperature-dependence of the loss factor complicates the

proble7'8/.

WADC TR 59-509 -3-



SECTION III

TREATMENTS CONSISTING OF TWO TAPES

Since the damping performance of a single tape treatment is
definitely limited in accordance with the previous discussi,,A,, one
might well t interested In investigating the possible benefit
one may derive from the use of the two tapes, one app!ied over the
other. As derived in the Appendix, the !Los-factor obtained with
a double-tane treatment may be expressed as

2 2_I 2.3 h 31 2 PN!PD,

gr+2rg+sg + ) + 3  2 [2r+(r+s (5)
2 21 3 1

PD r242r(r+s)g + 2rg2  (r+s )2g2(i+2)

ST2(r+s)g e . (i +si) :

if the thicknesses and stiffnesses of the layers comprising the
tapes are considerably smaller than the corresponding properties

of the basic plate. The parameters r, s and a53 appearing in the

foregoing equation are related to the thicknesses according to

r = HUH5/H2H ,  s = I + a 53' "53 = H5/H3  (6)

Al,;, hS5 is defined as

h51 = H 5/H! (7)

where the dimension H is the distance from the middle of layer 551
itne outer constraining layer) to the mid-plane of the basic plate,
as shown in Fig (9).

Inspection of Eq (5) reveals that for two Lapes, as for a
zingle one, I varies essentially as g for very small values of g,
and as 1/g for very large values of g. Hence, ij must reach a
maximum at intermediate g and the damping curve for a double tape
application possesses the same general characteristics as that
for a single tape. The results of computations based on Eq (5)
furtner show that the damping obtained with two tapes is very nearly
independent of the ratios of the dimensions of the layers comprising
the two tapes. [These ratios enter tne relation in terms of the
parameters r, s, a53 .] The damping curve is found v, depend

essentially only on the total thickness of the constraining layers,
e. the total weight of the tape.

WADC TR 59-509 -4-
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Figure i ilustrates this indepenJence of tape thickness

ratios It shows the "reduced" damping factor per total tape
extensaona stiffness

a2( 3 -k 5 )h 31 (3 12sk 3h2 31

as a fanction of a modified sneedr parameter
G

( K 3 + K 5 ) 2 s

which is also aeflned in terms of the total tape stiffness, for

dc~hje-tape applicatLonts having the same total foil thicK-
n 'i .e., es-sentialiy same total weight) but different thickness

ratios. For this J1ustration both tapes vere assumed to oe made
of tne kame materil, and P was assumed constant and equal to unity.

he curives for all cases ccnsidered, except one, coincide so very
nearly wItn each other an with Lhat for a single tape of equal
weignt, taiat they were not labeled individually in the Figure. Even
the case for which the damping curve deviates most strongly from
the others of re group results in the same damping curve maximum
and shape. 'This case corresponds to the condition where each of
the layers of the outer tape is twice as thick as the corresponding
layer of the tape directly in contact with the basic plate.)

For two Identical tapes r , 1 and s = 2, and Eq (5) reduces to

o2

Tj(2) = 3 31 ) 67 (8)

where the (2) appended to the I indicates applicability of the
relation to two tapes. In view of the foregoing discussion this
equation also gives a good approximation to the damping behavior
of non-identical tapes. It is instruGtive to compute the ratio

) 1+6g+(!446(3)g2+14(l+, I+5(4+ 9)

= ]46g+(il+T2)g4+6(i+? 2 )g3+(l4p2)2g 4

from Eqs (4) and (8) in order to compare the damping effectiveness
of a single tape to that obtained by use of two tapes of the same
construction as the single Lape. Figure 2 shows the variation of
this ratio with the shear parameter g for three typical values of
the loss factor 0. One may observe that for low values of g (corres-
ponding to high frequencies) addition of a second t'tpe contribv.,.s
littie additional damping, but that for large g (low frequcncies)
the double tape comflguration tends to be 5 times as effective as
a single tape. The damping uurves for single and double tapes
having 0 1 are compared in Fig 3. It shows that the aforemontioned
damping improvement for large values of g may be visualized as duo

WADC TH 59-509 -5-



to an upward shifting of the single tape curve plus a translation
cf this curve toward higher g.

This shifting of the damping curve occurs at least in part as
a result of increasing the total constraining layer stiffness by
addition of the second tape. Thus, one may obtain a better eval -
ation of the effetiveness of dual tapes by comparing a double
tape application to one consisting of a single tape whose foil
thickness is equal to the total foil thickness of the double tape
(or to twice the thickness of the foil of a single tape). The
damping effectiveness of such a single tape with double fol
thickness varies with the shear parameter g (for the origlral
single foil thickness) as

12k Ph 2

~31g (0
'(1) (i+ 2 )g2 0)

1 + g +

which may be obtained by setting s = 2 and r = 0 in Eq (5).

By use of Eq (8) one may the i compute the ratio

] +5g1(37+21P2 )g2344262p4 (ii)

TM LIT l+6g+(11+70 2 )g2+6 (l+p 2 )g3+(l+ 2 ) 2g4

which compares the damping effectiveness of a double tape to a
single tape of equal foll thickness (or weight). As is apparent
from Fig 4, which is a plot of Eq (11) for three typical values
of P, this ratio does not differ markedly from unity. Its minimum
value is about 0.85 and occurs for g of the order of 0.5, and it
approaches its maximum value of 5/4 asymptoticelly as g becomes
very large. Therefore, one may conclude that two layers of
damping tape are not inherently more effective than a single tape
whose constraining layer is of the same thickness as the total of
the two corresponding layers of the double tape application.

WADC TR 59-509 -6-

- - _ _ - - - - . - - ~ -

j _ _ __ _ _ __ _ _



SECTION IV

MULTIPLE TAPE TREATMENTS

The the ry applicable to N identical thin tapes is applied in
the Appendix to the computation of the damping effectiveneC. TI3)
and qr(L) of tripl and quadruple tape applications. the resulting
expressions appearing in Eqs (.-52) and (1-55). One finds that
such multiple tape treatments possess characteristics similar to
those of double tapes; for small g (high frequencies) additional
tapes contribute very little added damping, but for large g (low
frequencies) additional tapes lead to considerably imp-oced damping
effectiveness. For large g the triple tape tends to be 14 times
a epfective as a single tape; Por quadruple tapes the corres-
ponding factor is 30. However, as with double tapes, this advan-
tage of multiple tapes is considerably reduced when these are com-
pared to single tapes of equal total foil thickness. One finds that
7()/'(1) and (4)/ '(1) are somewhat less than unity for values
of g of the order of 0.1 and approach 1.55 and 1.87, respectively,
for large g.

The low frequency advantige of multiple tapes vs single
tapes seems to obey the recursion relation

[n{jga (N_ [oijg.,l + N2 (12)

where n(N) denotes the damping effectiveness of N tapes. From
the equations presented in this report it may easily be verified
that this relation holds for N up to 4. We have verified its
validity for N through 6, but have omitted the details here for
the sake of brevity. Although we have not proven the general
validity of the foregoing expression, the recurrence of the mani-
pulations inherent in the multiple-tape theory outlined in the
Appendix makes the validity of such a recursion relation extremely
likely. The results of applying Eq (12) for N up to 10 are plotted
in Fig 6.

WADC TR 59-509 -7-
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SECTION V

_EXPERIMENTAL VERIFICATION

g In order to obtain some check on the validity of the fore-
going theoretical results, we undertook to compare these te
experimenta data incidentally obtained by Bolt Beranek and Newman
Inc. in connection with a study sponsored by the Convai Division,
Caneral Dynamics Corporation. The results of carrying out such a
comparison for a typical tape appear in graphic orm in Figures6 and 7.

The particular basic single tape to which these figures
pertain is No. 425 Sound Damping Tape manufactured by Minnesota
Mining and ufacturing Co. t consists of a 2.5 ml layer of
adhesive attached to a 3 mil aluminum foil. The experiments were
performed with this tape applied to 0.125 inch thick aluminum
test bars, using the apparatus and methods described in reference 9.

Figure 6 shows how the amping effectivenesses obtained with
one, two and four identical tapes vary with frequency. For conven-

ience, a scale of shear parameter g Is also given. The solid lines
of the graph, et otepreoutcally calculated results are
seen to be in reasonlbly good agreement as to magnitudes and trends
with the dashed curves, which represent the experimental data.

Figure 7 shows the ratios of damping effectivenesses
T(2)/(e) and (4)/n() as functions of the shear parameter g,

which is an inverse function of frequency. Figure 7 was obtained
directly from the data of the previous figure in order to demon-
strate more effectively the relatively good agreement of the
theoretically predicted with the experimentally obtained effective-
ness ratios.

There are, unfortunately, some uncertainties involved in the
experimental results, and also in some of the data concerning
the adhesive properties which were used in the theoretical cal-
culations. Because of the size of the experimental specimens
used, the low frequency results (below about d0 cps) are probably
somewhat in error. Also, since it is difficult to apply tapes
uniformly and to measure the resulting adhesive thicknesses, the
values of these are somewhat uncertain. The values of the dynamic
shear modulus G and loss factor P of the adhesive, which were used
in the computation, were obtained by smoothing and extrapolation
of a relatively small amount of experimental data (supplied by

the manufacturer*). These values thus are also likely to contri-
bute to discrepancies.

* Data and extrapolations appear in Fig 16 of Reference 9.

WADC TR 59-509 -8-
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In view of these uncertainties, the agreement between theory
and experiment indicated in the two aforementioned figures is
rather gratifying. It may be noted that the corrections of adhesive
thickness H2 and shear modulus 02 would result in corrections of

the calcula'ed shear parameter g. Such corrections would 1"ie
the effect of translating the theoretical curves with resp-ct to
the experimental ones, and might result in even better agreement.

W 5
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SECTION VT

CONCLUSIONS

The analyses pr-sented In the present report point out that
the use of additional tapes results in additional damping at all
frequencies The increase may be negligible at "high" frequencies,
however, even though it may be quite considerable at "low" fre-
quencies - especially for a large number of tapes,

On the other hand, it was demonstrated that it Is essentially
only the sum of all constraining layer thicknesses that determn.n-es
the damping characteristics of a damping tape treatment with a
giveit adlheive material; the number of tapes used and their relative
tI'cknesses nave only a small effect. Thus, a single tape with
a thicker foil is equivalent to several tapes of essentially the
same weight insofar as damping is concerned.

Besides the small theoretical damping advantage multiple
tapes have at low frequencies over a single tape nf equal weight,
multiple tapes may be considerably more desirable from a practical
viewpoint. They may be applied in confined spaces or to strongly
curved areas, where handling of a single stiff tape may be diffi-
cult. In addition, there exists the economic advantage that one
or two standard tapes may be superposed to obtain the damping
effect of single tapes that otherwise would have to be specially
manufactured for each application.

WADC TR 59-509 -10-
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SECTION VIII

APPENDIX I

THEORY OF MULTIPLE DAMPING TAPES

General Analysis

As a basis for the analysis of specific configuratioznof multiple

darn-ping tapes, we consider tne formal analysis of thi flexural

vibrations of a plate with an applied damping treatment consisting

of N damping tapes. Each damping tape consists of a layer of

visco-elastic (adhesive) damping material and of an elastic (metal)

foil. The composite s ructure is thus composed of 2N+1 alternate

layers of elastic and visco-elastic material. The energy losses

are assumed to be entirely attributable to the shear motion of the

visco-elastic damping layers. The thickness of the entire com-

posite plate is assumed to be small compared to a wavelength.

The method of analysis employed here consists of developing a

general expression for the bending rigidity, B, of the composite

plate in terms of the dimensions and elastic moduli of the indivi-
dual layers, and of including the damping effect by representing

the elastic moduli of the dissipative layers by complex quantities.

Figure 8 represents an element of a plate to which two layers of

damping tape have been applied; layer 1 represents the original

undamped metal plate, the even numbered regions represent the

damping layers, the odd numbered regions represent the elastic

layers. Bending of the element is measured by the flexural angle

0, and shearing of the adhesive layers is measured by the shear

strains #2 and *4, with the conventions for positive angles as
indicated in the figure. The present analysis deals with n - 2N4:1

layers; the extension of the figure to n layers may readily b,,

visualized. The x-direction is chosen as the direction of propa-

gation of a straight..crested flexural wave. It is assumed that
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FIG. 8 ELEMENT OF 5-LAYER PLATE; CONVENTIONS
FOR BENDING AND SHEAR ANGLES.

I THE EVEN-NUMBERED (DAMPING) LAYERS POSSESS NEGLIGIBLE
EXTENSIONAL STIFFNES AND THAT THE SHEAR STRAINS OF THEODD-NUMBERED (ELASTIC) LAYERS ARE NEGLIGIBLE.

___ .NEUTRAL PLANES OF ADDED LAYERS

L rz4 H3e ' 1'  NEUTRAL PLANE OF
;-- FCOMPOSITE PLATE

+ NEUTRAL PLANE OF

2 PRIMARY PLATE

FIG. 9 ELEMENT OF 5-LAYER PLATE, DEFI ING
IMPORTANT DIMENSIONS.
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The distances used in the analysis are shown in Fig 9. The thick-

nesses of the various layers are Hi, and the distances from the

neutral planes of the added layers to that of the primary plate
t,

are Hi,. Thp thickness of each complete tape is represente-A bv

HTi, where

HT, = H21 + H 21+1 1 i = 1,2,3,... N (I-1)

The displacement of the neutral plane of the composite plate from

tnat of the primary plate is denoted by D.

By applying the definition of flexural rigidity one may express

that of a general n-layered composite plate as

n

B L. [m i + f1 (Hnl-D)] (1-2)

If one assumes that the shear, strains of the odd-numbered (metal)

layers and the extensional stresses of the even-numbered (adhesive)

layers are negligible, the terms in the foregoing equation are

given by:

m ij =- K1Hi i odd (I-3a)

I. i-i 1
f a F KI( HiI-D) - 2. ; i odd, J even (I-3b)

where
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Mil= bending moment of ith layer about its own
neutral plane

F = extensional force of ith layer

K, = extensional stiffpgss of unit length (in
x-direction) of i " layer

Expressions relating the various extensional forces to each other
can be denyA ld frnm considerations of equilibrium of the various
layers. Figure 10 shows the forces acting on the layers of an

element of an n-layer plate, and Fig 11 shows these specifically

for a two-tape treatment. In both figures, dFi represents

%Fi
aFIdx

The shearing forces acting between layers 1 and 2 may be evaluated

from consideration of equilibrium of layer 1. Then the forces be-

tween layers 2 and 3 may be determined from equilibrium of layer 2,

and so on. In general, the shear forces between layers q and q+i

may be directly evaluated from equilibrium of layer q, if all shear

forces acting on the layers bearing numbers less than q have been

evaluated.

Equilibrium of the nth or outermost layer (or equilibrium of the

entire element) demands that

n ndF I  da =O, 1 odd(14
i-l i,'I

The relation between he shear stresses and strains of the even-

numbered layers may be expressed In terms of the shear moli aJ,.

With the stresses as detemined from Pig 10. one obtains the net

of relations
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Fn - f"- -t - Fn + dFn
- n-2

I dF.

Sd F

j+I - ___ _- __- __ i--I Fj-+dF +

Fi-I 4 i- d- F Fi- I 
+ dFi. I

SdF i

FIG. 10 FORCES ACTING ON LAYERS OF
n-LAYER PLATE ELEMENT.

F54j __ -- F5 + dF5
dF dF 3

dF, +dF 3

F 3 4- F3 + dF3
= dF1

d F
F dF

F I 4 v F + dF I

dx

FIG. II FORCES ACTING ON THE PIVE LAYER4
OF THE ELEMENT OF FIG. A-I.
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G = ; i odd, J even (1-5)
i=l

Since the added layt:s are assumed to experience the same wave

motion as the primary layer, the shear strains are related to

their second derivatives by

2*J( 
-6

*j j even (1-6)

where p is the wave number of the vibration.

It follows from the assumption of simple flexural wave motion that

the space derivatives of the shear angles are proportional to

the corresponding derivatives of the flexural angle 0. The ex-

pressions for fi given by Eq (I-3b) are therefore independent of

position, and

- L - = 'i -

It follows that

apif i a2O 41-7)

Combining this result with Eqs (1-5) and (1-6) and using the defl-

nition of g,, one can derive the following relations between the

shear strains and the flexural angle:

al~x 6 2 H p2 J-1
jj - -H H...f (I-)

WADC TR 59-509 -24-
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In view of Eq (1-7), Eq (1-4) can now be rewritten as:

n

Z = o (1-9)
1=!

Finally, then, one may at least in principle solve this equation

plus the N+l relationships of Eq (I-3b) and the N Eqs (1-8) for

the N+l reduced forces fi' the N shear terms ltj, and the displace-

mcnt of the neutral plane D. In practice, however, the general

solution is algebraically unwieldly - and substitution of the re-

sultant expressions in Eq (1-2) for the bending rigidity is absurd.

In the following sections we consider several special cases of

practical importance.

Two Tapes (N=2

If N=2, then there are a total of five layers and Eqs (1-9), (1-8)

and (I-3b) reduce to six equations for six unknowns:

f + f + f O1 3 5
f = -KID

f3 = X3(H

f5 K 5s(H5 1-D) - K5 (4 2 +1 4 ) (1-10)

n2p
2

=2 - 7_

H4 p2  H4p
2

94 - 74 1 ~3) =- =4f5

The relative shear stiffness of the two damping la-ers are described
by the dimensionless shear parameters
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The bending rigidity of the composite plate may be reduced to the

dimensionless form

355+kh+k5h +12dh +1-2(h-h 31 )-l2k3 (h 1 -h3 )(h1 -i) (1-12)

by introduction of dimensionless properties represented by lower

case letters and defined as

1 2
b = B/7KIHI , h 3 - H3//H, d - D)/H1, etc.

i.e., by comparing the various dimensions and stiffnesses to the

corresponding properties of the primary plate. Solving the six

equations of Eq (1-10) for the displacement of the neutral plane,

we find

d - g2k 3h3 1(1+g 4+k 53g94 ) + g92 4k5 (h 5 -h31) (1-13)(+g2+g2 3)il4g4) + IC5 3gj 4(l9 213 )

where k53 = K 5A 3 = k5/k 3 is the ratio of the stiffnesses of the.

two metal layers. When Eq (1-13) is substituted into Eq (1-12)

there results a final expression for the bending rigidity of the

composite plate. If the tapes are somewhat thinner than the pri-

mary plate, we can neglect the square of the ratio of tape thick-

ness to base plate thickness, and we may neglect (h 5 1-h 3 1 ) 2 rela-

tive to h2  or h2 1. With these simplifications,

12g2 (l+g4)k3h2 + 12 g 2ggk h2-
b - 1 + (1+g2 +g2 X3 )(L+g 4 ) + K5 3g4('+g2 3 )
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if we assume that the two tapes are made of the same materials
and only differ in their thicknesses then the properties of the I

second tape can be expressed in terms of those of the first tape
and their r, lative dimensions:

5  3 F=k3 53

G4 F 3 H2  G2 92

5 '124

Dropping the subscript on the shear parameter, then

12gk3 1(g+a 2) 1 + ga4)n2 h 2 15
1+ (l+g.g 3)( 53a42 1 + a53g l+gk3)

To find an expression for the loss factor 1, the shear parameter

is made complex, g* - g(l+jo). The ratio of the imaginary part of

b to the real part is then the loss factor for tie composite plate.

The relationship obtained is so cumbersome that it cannot readily

be inspected with a view toward revealing significant trends. A

somewhat simplified expression having most of the characteristics
of the more complete solution can be obtained by neglecting the

st.iffness of the foil in the denominator of Eq (1-15); i.e., by
assuming k3 << 1. With this restriction

l lk r2g + 2rg2 + sg3(l+2)]

+ l2k 3 u53h2(2rg
2 + (r+s)g 3(l+12 )] I

S2+2r(r+s)g + 2rg2(l-82) + (r+s)2g2(l+12)

+ 2(r+.)g 3 (l+0 2 ) + g 4 (l+2)2

where
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h5 '14
r a = 

h
s S 1 + = 3+

This expression for q can be used to estimate the damping charac-

teristics of a two-tape treatment, provided only that the 'wo

tapes are composed of the same materials.

N Identical Tapes

Althougn tne general solution of the N-tape problem is hopelessly

unwieldly, solutions of practical importance can be obtained for

N identical thin tapes. In thIs case one may define a shear
parameter applicable to each tape by

g M G --- = Ga (1-17)
KJ+IHjpC K3H2P

so that Eq (1-8) for the relative shear strain becomes

J-1

K Z f~J+I J m- (I-18)

and so that the expressions Eq (I-3b) for the force per unit

flexural angle for each tape metal layer may be rewritten as

*i "It +  - D + .1 E E(I-19a)

(i > 1 and odd, J even, s odd)
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where H. denotes the tape thickness, and the distances Hl have

been expressed in terms of '"3! arid the tape thickness HT; and

k1  D ~ 1-9b)*l = q = - - _ - ,cb

in view of Eq (I-3b) with 1 1. Eq (1-9) for the sum of the

forces can now be written

n

0 (i odd) ; (1-20)
I, ~

this, in conjunction with Eqs (1-19), suffices to establish values

of the N+l 's and D, there being N+2 equations to be solved for

N+2 unknowns.

A useful relation may be obtained by subtracting 4) from V1+2

i

+ " V +' (i>l, odd, s odd) (1-21)
~s=l

Combining this last result and Eq (1-20) with Eq (1-19) one finds:

n

* (1 + 11 (i+! + *-,IT' (i>l, odd, a odd) (1-22)
9 E s

which expresses each in terms of only O's with higher subscripts.
One may thus use this relation to express n-2 in terms of n;

On-4 in terms of €n_2 and On; On-6 In terms of On-4' On-2' and "n;
etc. Clearly, one may then express each of the 0,'s for i-3, 5,

... , n-2, In terms of tn by performing the proper oubstitutJons 
in

turn. The last of these equations is that for 1m3. By eliminating

D between this oluation and the equation of Eqs (1-19) for 1-3
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I
oDA H + (k3 + )Ol (1-23)

one can obtain an e . ression for dP in terms of 4n

Finally, by summing all the i's, which are now functions of Vni

Pnd by using Eq (A-20) one can solve for %n itself. The expression

for n can then be used to evaluate the other t's.

An expression for the bending stiffness can be obtained by sub-

stituting the various (D's into Eq (1-2), which can be rewritten

as

n n

B - ~+ K . 0 ~1H + 13 HT (1-24)
i=l i=3

by use of Eqs (1-19) and (1-20), and by expressing the distances

Hil in terms of H31 and multiples of HT.

In view of Eq (1-20), this may also be written as

B- IIIn Ji~ +-~K 'IT (H 3-HT) K301  (1-25)

Because of the term involving all the 1I's this is a rather

complicated expression, especolply when we let g be complex in

order to find the loss factor. It is apparent that the algebra

could be greatly simplified if the terms involving HT were neg-

ligibly small.

N Thin Identical Tapes - If the individual tapes are thin compared

to the primary plate, we may assume that for i>l, H 
2 << H and we

may simplify the expression Eq (1-24) for the bending rigidity to:
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- - _______________---__

B A .7 K 1 + H3 K 1 (1-26)

where e = HT/H31 is small relative to unity. If one uses Eq (1-20)

and neglects k.3 compared to kinity, Eq (1-23) for 03 may be written3

as*

n

(l+g) 3 + s - gH3 1  (-27)
s=5

Substitution of this equation into Eq (1-26) results in an ex-

pression for the flexural rigidity that involves oniy jI's with

indices greater than 3:

n

B -I a. g + I E 1 -. (1-28)
K3H31 31  s

Here,

n

i=1 M K 2

Wnen the shear parameter is made complex to account for dissipation,
the rigIt-hand side of Eq (1-28) must be a rational algebraic func-

tion of g* = g(!+Jp) and one may write:

B* - I C1 
+ JPC2  (1-29)

K3 H31 3+ W

*Since and R o are of the same order of wtgnitude, cn. may
"3 S=5

neglect gk 3 ZA8 compared to g3 if k < 1. Note that k3 44 1

does not imply k 3 <<l/g for large g.
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where the C's are real functions of g and c. Rationalization of

the right-hand side of Eq (1-29) results in:

1 2 2

Bl+_ = 3 -- 3 + 02C4 + jo(c 2 C3 -CI C4 ) U(-30)
K 3H 31 2 KqH 31  3+ C"

whence

2 • 2C3-CC4
C3 + 132C4 + 12x.. h2 31CC1 _ "2 V

C2c3-clc0 4
2-3-_ 4(1-31)

2+ 2C? + 3k3( 1C3 c 2 c4)(-3

When the relative stiffness of the individual tapes is strictly

negligible, we can drop the term in the denominator involving k3 ,

since all C's are of the same order in g, and obtain the simplified

expression

C2 c2 3 - dcI4
= C23- 1C . (1-32)

Single Tape - It is natural to evaluate multiple tapes in terms of

results applicable to a sing1 tape. For a single tape, Eq (1-12)
for the bending rigidity of a two-tape treatment reduces to

b(l) - 1 + k h2 + 12dh (1-33)

3 3 31

where d is now given by Eq (1-13) with k 5 - 0:

d(l) ~gk 3h3l /T-34)I+ g + gi3
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SubstLIutln[ :-o (1-34) into Eq (T-33) and replacing q; by g*
(i+. ), we readily find**

__)___ _____ £ K3 h 3 1 0 _ _

( l+k3 -)il+2g(l+k 3 )+g (1+1 )(l+k3 )2]+12k 3 gh 1 lt+g(l+ .)(l+k3)

('-35)

which agrees with a previous derivation.*** For thin tapes, Eq

(1-16) leads immediately to

i2gkhl(
2

110 ) --* (1-36)1

( + 2g + g2(l+p2)

As a check on the multiple tape analysis, we may solve for i when

n=3. For n=3, Eq (1-28) becomes:

______ g+J*= =,g + j (1-37)
B* 3 H 31 + + g + jog
K3H31  -7

whence:

Cl = C2 = C4 "g (1-38)

C3 - 1 + g

* The numbers in parentheses following n indicate the number of
damping tapes applied; 11(N) denotes the loss factor obtained
with N tapes.

***BBN Report No. 564, "Flexural Vibration Damping of Multiple-
Layer Plates", 26 June 1958, ONR Contract Nonr 2321(00).
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and Eq (1-31) for the loss factor gives 2i
TM .g(l+g) - g2

l2ksPh- 1  (J+g)2 + j2 g2 + 3k 3 [(lg)g + g I

- g
2 9 (1-39)

1 + 2g + g (l1+2) + 3k3g(l + g(l+--)"

This is seen to be an approximation which falls between those of
Eqs (1-35) -nd (1-36). The assumption of k3 << 1 or use of Eq

(i-32) for I leads directly to the result of Eq (1-36). In com-
paring multiple-tape treatments with single tapes it is important

that one use expressions that involve approximations of the same

order.

Two Equal Tapes - For a double tape, n=5 and Eq (1-28) becomes

B- (6 1 + 0- +5 ~ 0 (1-40)
K3 H31 T 31

Eqs (1-22) and (1-27) relate 03 to 05 and here become

(l+g) 03 + 05 & (31
~(1-41)

gO3 - (l+g) 05 " iH319

whence we find that

2 l5 31  + 1 + (1-42)
1 +3g~g2

Substituting this result into Eq (I-4) and neglecting c results in
the following equation for the flexural rigidity of a plate with a
thin double tape:
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I,

B-I = g + 2g2  (1-43)

K3l 1 + 3g + g;

Making the shear parameter complex, one finds

C1 = g + 2g2(i-
2)

C2 = g + 4g2

c3 = 1 + 3g + gd(l+02 )

C4 = 3g + 2g2

and finally, from Eq (1-32)

(2) g[l+rg+5(l+2)g2
2 2) -) --- )_7(1-45)

12k h l g+(l+ )g70 +6(1+2)gj+l+ ) g

This same result can be derived from Eq (1-16) for the loss factor

of a general non-equal, two-tape treatment. Assuming two equal

thin tapes, we have

a53 =a 4 2 = 1

r a 53 = 1

s =I + a 53 2

h2  -h 2

51 31

whence

? g+4g2+5;3(l+ 2) (1-46)

l2kh3 h !1 +6g+2(1.6 )g2g2+9( 1.e)g2+6( l.h 2 )g 3+ (1)g 2)-

This is equivalent to Eq (1-45), which was derived by application

of the general equal-tape method.
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Three Equal Tapes - For a triple tape, n=7 and Eq (1-22) yields

the two relationships (1

0 3

and Eq (1-27) gives

S H31 -1 (05 + 7) (1-48)

By solving these three equations simultaneously for 0 and 0.., we

obtain

05 g 2(l+g)
H 31 i + 5g + 6gd + g3

7 g3 (1-49)
031 + 59 + 6g2 + g3

if we neglect the terms involving a.

The flexural rigidity, found by substituting these two values into

Eq (1-28), then is given by

B-I I+ 2(i+2g)
.3H31  I + 5e + 6g2 + g3

= g( ! + 4g + 3 2 ) ( - 0
- (1-50)

I + 5g + 6gL + g3

In aqcordance with Eq (1-29), the C's here turn out to be
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C1  I g[1 + ;(.-a 2 ) + 312( 1-312)3
C2 = g( + +32(3-B2)]

03 1 + 5g + 6_ 2 (1- 2 ) + 3(-3(-51)

c 4 =C 5 + 12g + C2(3-a 2 )]

and, from Eq (1-32), the loss factor is then founo to be

g1(3) - 8+6g2+(23+1. I(2)g3+28(i+52)g+14 .1+2)g' (1-52)
h 1+1Og+(37+130 2)g2.(31+273 )g "
3 - 31 4 2 4 N -5 / .2 '_+2(23-1-36=b, 2 i13 3 4  ,- P

Four Equal Tapes - Tn an enUrely similar inv.ra,-r, one can use

Eqs (1-22) and (1-27) to find expressions fo: the various 's for

a quadruple tape where n=9. One obtains

_ £_4
I 31 1 + 7g + i~Sg + i0g 5 + g6

7 4gB(1+g 4  
(1-53)

73= 1 + 7g + 1592  + lOg 3 + g

(5 _ 2s( 1+3 + 2 )
H31  1 + 7g + 15g + lOg 3 + g'

By substituting these into Eq (1-28) one finds

B-I g(l + 6g-+ 10g 2 + (1-54)
-- ++ 5g ? +!Og 5 + gK 3H 31 1 + 7g+ g I&7T7

whence the loss factor is given by
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23Q~.. = WX(9zA3) (

where

WNk,) = 1+12g+g (57+l7P)-8g3(V(+l3P-)+94 k19+26 2+T )

+108g5(l4q2)2+30g
6(l+p2)3

= l+l4g+g2(79+l9p2 )+lOg3(23+l5, )+g (367+438p2+37015 0 h 2 4

+25(157+2860-+129W')+5 6(26+87e+54 4+14p )

+2Og7(+o2)3+9
8(1+02)

4

In a like manner, the theory for multiple thin tapes could be

applied to five or more layers. However, the algebra becomes in-

creasingly involved as the number of layers increases. The so-

lutions for three and four tapes serve to demonstrate the method.
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